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We consider small perturbations of a simple completely integrable system with many
degrees of freedom: a collection of independent one-degree-of-freedom oscillators (in
the perturbed system the individual oscillators are no longer independent). We show
that the long-time behavior of such a system, even in the case of purely deterministic
perturbations, should, in general, be described as a stochastic process. The limiting
stochastic process is a Markov process on an open book space corresponding to the
collection of first integrals of the non-perturbed system.
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1. INTRODUCTION

Let us consider a system of » independent one-degree-of-freedom oscillators
described by

Gi = —Vi(gs), g eR, i=1...,n (1.1)

Denote by H;(g;, p;) the Hamiltonian of the i-th oscillator: H;(g;, pi) =

%"2 + Vi(q:). We assume that the Hamiltonians H;(g, p) are generic: each of them
has a finite number of critical points, which are non-degenerate, not more than
one for each connected component of a level set {(¢, p) : H;(g, p) = const};
and limy, o Vi(g) = 0. Let x; = (g, pi) € R%, x = (x1,...,x,), H(x)=
H(xy,...,x,) =Y, Hi(x;). The system (1.1) can be written in the form

X(1) = VH (X(1)), (1.2)
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where VH(x) is the skew gradient of H(x). The Hamiltonian system
(1.2) is, of course, a completely integrable one with » first integrals

Hl(le pl)’ ) Hn(qna pn)
Consider now a deterministic perturbation of system (1.2):

X(t)=VH(X () +eB(X°(1)).

A system described by such an equation can be called a system of weakly
coupled oscillators. We don’t assume that the perturbed system is again a Hamil-
tonian one. For instance, a small friction in the oscillators is a typical example of
perturbations which we are interested in. See example in Sec. 7. It is clear that
significant deviations of X (¢) from X(¢) occur in time intervals of order of e !, so
it is convenient to change the time scale and consider X°(¢) = X “(t/¢) satisfying

the equation
. 1—
X)) = EVH(XE(t)) + B (XE(1)). (1.3)

The dynamics described by (1.3) has two components: the fast one which is,
actually, the motion along the non-perturbed trajectories, and slow motion “across”
the trajectories. The slow component, in the case of the Hamiltonians H;(x;) having
one minimum each, can be described by the values of H;(X7(¢)),i =1,...,n.In
the general situation of the Hamiltonians having several critical points, to describe
the slow component we consider, for every i = 1, ..., n, the graph I'; obtained by
identifying all points of the plane R? belonging to the same connected component
of level sets {x : H;(x) = const} (see Refs. 2—4). It was shown in these papers that
in the case of n = 1 such a graph is the natural phase space on which we should
consider the slow motion. For n > 1, if the two-dimensional components 3; of
the perturbation vector B(x) depend on the whole x = (xy, ..., x,) rather than
on x; only, we cannot consider the oscillators separately. The phase space for the
slow motion shouldbe I' = I'} x I’y x --- x I',. This I is what is called an open
book, having finitely many n-dimensional pages y ;, and a binding B consisting
of pieces of smaller dimensions B,_i, B,_», ..., By, By.

Let );(x) be the identification mapping R? > T; corresponding to the
Hamiltonian H;(x); letus define Y (x) = Y(xy, ..., x,) = (Y1 (x1), ..., Y, (xn))
€ I'. The slow component of the solution of (1.3) is, by definition, ¥*(¢) =
2 (X°(1)).

As an example, we consider in Sec. 7 a system of two oscillators (Fig. 1).
There, the open book consists of three two-dimensional pages and the binding
(Fig. 2). One can see in that example that the limiting slow motion, which is a
stochastic process on the open book with stochasticity concentrated on the one-
dimensional binding, can be described in a rather explicit form.

The main goal of this paper is to study the limiting behavior of the slow
motion Y*(¢) as ¢ | 0. In the simplest situation of one degree of freedom and
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the Hamiltonian without saddle points Y*¢(z) = H (X°(¢)) converges, uniformly
in every finite time interval, to an averaged motion Y(¢) being the solution of a
certain equation Y (¢) = b(Y(¢)), Y(0) = H(X*?(0)). In the case of many degrees
of freedom, even in a region where the Hamiltonians have no critical points, this
is not the case. One should, as it is well known, introduce the condition that the set
of resonance tori is small in some sense (see Ref. 7 and references therein), and
even then convergence will take place only in the sense of convergence in measure
(with respect to the Lebesgue measure in the space of initial conditions). If the
Hamiltonians have saddle points, it can be seen even in the case of one degree of
freedom that the slow component ¥*(¢) = ) (X*(¢)) may have no limit as ¢ | 0
(see, for example, Ref. 2). As it follows from Refs. 1, 8, the problem, in the case of
no critical points, can be “regularized” by adding small random perturbation to the
initial point. In the case of saddle points present, such a regularization, generally,
is not sufficient even for systems with one degree of freedom (see Ref. 2): if the
number of saddle points of the Hamiltonian is greater than 1, the limit may not exist.
In more detail: Let X (¢) be the solution of X*’(¢) = IVHX* (1)) + B(X* (1))
with the randomly perturbed initial condition X*%(0) = x + & - &, where the two-
dimensional random variable £ is, say, uniformly distributed in the unit circle.
Then the slow component Y*4(¢) may have no limit as first & and then 8 go to zero
(such a double limit does exist for systems with at most one saddle point).

It was shown in Ref. 2 that for systems with one degree of freedom one
can regularize the problem by adding a stochastic perturbation not to the initial
point but rather to the right-hand side of the equation. We are going to do this for
n-degrees-of-freedom systems. Let us replace (1.3) by the equation

X0 = SVH (X0 + B (X)) + oo (), (14)

where W(t) is a 2n-dimensional Wiener process, and o a 2n X 2rn matrix having
2 x 2 nonzero matrices o; = (0;. jk)i «—1 on the diagonal, and 0 elsewhere (for
simplicity’s sake, we don’t consider matrices depending on x; if B(x) = 0, the
components X;*(¢) of X**(¢) are independent). The slow component Y**(r) =
Y (X*>*(t)) of the diffusion process described by the equation (1.4) is a continuous
stochastic process (generally, not a Markov one) on the open book I'. Under
some natural additional assumptions, we show that, as ¢ | 0, the process ¥**(¢)
converges weakly to a diffusion process 7%(0 on I'. We evaluate the generator
of ?%(t), which is described as certain differential operators on r-dimensional
pages of our open book, plus some appropriate gluing conditions at its binding.

.., =0 -
Then we find the weak limit ¥ (¢) of the processes Yx(tl as » | 0. It turns out
that this limit exists; being the limit of Markov processes Y %(t), it is quite natural

for YO(t) to be also a Markov one. Inside each n-dimensional page y; of T,

=0, .. S . . . . . .
Y (¢) is a deterministic motion described as the solution of a differential equation
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with coefficients ﬁ( y) obtained by averaging B;(xy, ..., x,) - VH;(x;) over the
set 9)!(y) (which is a connected component of a level set {x = (x|, ..., X,):
Hi(x)) = consty, ..., H,(x,) = const,}). At the binding B of the open book T,

the process YO(t) displays a stochastic behavior: if 70(t) comes to a point y
belonging to the binding, it goes without any delay to one of the pages meeting at
the part of the binding containing this point, to each page with its own probability
(depending on the point y € B). (The limiting process 70(0 cannot go back to
the page p; from which it came to the binding at or near the point y at which it
has come to the binding, since the velocity B(y) is directed from the page y j to
the binding).

It turns out that the limiting process 70(1) is independent of the choice
of the matrix o (taken within the class we described above). This means that
the stochasticity of the limiting slow motion is, actually, an intrinsic property
of the deterministic system (1.3) with » = 0. The stochastic term /xa W(t) is
used just for regularization of the deterministic problem. The real reason for this
stochasticity is instability of saddle points of the Hamiltonian.

Our main results will be formulated: that about the limit as ¢ |, 0 for positive
%, in Sec. 5 (the preparatory work being done in Secs. 3 and 4); that about the limit
as x | 0, at the end of Sec. 6. An example will be considered in Sec. 7.

2. NOTATIONS

What was written above was to explain what we are planning to do in the
simplest way; in this section, we are going to describe a slightly more general class
of systems that can be handled the same way, and introduce notations.

Instead of denoting the two coordinates of a point x in the plane with ¢, p,
we are going to denote them £, &, (this is more convenient because then we can
write sums Zle ); we’ll no longer assume that the Hamiltonian H;(x) has the form

%2 + Vi(g): it will be an arbitrary smooth function such that limyy |, o H;(x) = oo.

The skew gradient has the form VH;(x) = (%—g, —%). We’ll assume that, for

sufficiently large |x|, H;(x) > A4;|x|?, 42|x| < |VH;(x)| < A43|x|, and the matrix
*H;(x)

of the second derivatives (38 T o8
josr

for large |x]|.

In the notations already introduced, ), : R? — T'; is the identification
mapping corresponding to the i-th Hamiltonian. The graph I'; consists of vertices
O (each vertex is the image under the mapping 2); of a critical point x;; of the
Hamiltonian H;) and edges [;;. The fact of an edge [;; having a vertex O;; as
one of its ends will be noted as [;; ~ O;;. A point y € I'; will be characterized
by two coordinates: y = (I, H), where [ is the number of the edge [; of the graph

). r=1,2 is bounded and uniformly positive definite
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containing y, and H = H;(y). For y = (I, H) € T';, the notation y — oo will
mean that H — oo (this may happen only along one edge /;; of the graph).

A vertex Oy of the graph I'; will be called internal if the critical point x;;
belonging to @[_I(Oik) is a saddle; and external if this critical point is a local
extremum. Exactly one edge [;; enters every external vertex; and exactly three
edges meet at every internal one: Iy, I;,, I, ~ Oj. So aninternal vertex has three
sets of coordinates: O;; = (I1, Hix) = (2, Hix) = (I3, Hix), where H;, = H;(Oj).

For shortness, C;(y), y € I';, will denote the inverse image @i_l(y). The
same kind of notation, C;(x), will be used for x € R*: Ci(x) = ;' (D);(x)) is
the connected component of a level set of the Hamiltonian H; containing the point
X.

For 1 <i <mnandy € I'; not being a vertex of this graph we take

1
Ti(y) = ‘(f |VH—1‘(X)|E(dX)’ (2.1)

CGi(»v)

where £(dx) denotes integration with respect to the curve length. This is the period
of the rotation of the system X(r) = V H; (X(¢)) along the curve C;(y). The same
notation 7;(x) = T; (),(x)) will be used for points x € R?.

For y € I'; not being a vertex we define a measure ,u; concentrated on C;(y)
by

I4(x)
|V H;(x)]
Ci(y)

W(A) = T o(dx),

where [ 4(x) is the indicator function of A C C;(y); and if y is a vertex O;; € I';,
we define u; as a unit mass concentrated at the equilibrium point x;; € 9; !
(Oi). 4
The measure w), clearly depends on y € I'; in a weakly continuous way.
Now we define

2
ajjr = E 0i,jiOiye, 1= j,¥r <2
=

2
_ OH OH, .
am= ¢ > g G )
j,r=1 J r
Ci(y) />

2
—x X azHi X i
biy(y) = ) % Z isjr #My,(dx)

iy /=t



1316 Freidlin and Wentzell

for yeTy; and for y=(yi,....y) €T we take b, (p) = bro(i) + B:(),
where

B = b b Al VHGR, x).p dx). 22)
Ci(y) Ca(yn)

Let O;; be an interior vertex of the graph I';; we have O;, = (/1, Hix) =
(L, Hix) = (I3, Hi), where H;; = H;(O;r), and [y, [, I3 are the numbers of the
edges I;;,, s =1, 2, 3, meeting at O;;. Let us define C;.z;, as the part of the
curve C;(Oyy) that forms a part of the boundary ofﬁji_' (Zi, \ {Oix}). One of C;. ,
coincides with the whole curve C;(O;y), consisting of two “loops”; and the other
two C;.xy, are these loops taken separately.

We define
2 OH; 0H;
38, 0%,
i = i.~r~—£d N =1,2,3. 23
s ]ZI“ ] S (&3)
Ciny 1=

Now for y = (I, H) being an interior point of an edge /;; € I';, and for every
function f(y) = f(I, H) that is twice continuously differentiable in H, we take
—x ”n_ dzf(l, H) df(l, H)
Lif(y)= Eai(y) T +bjo(y) - T
A function f(y) = f(/, H) on I'; is said to belong to D; = DY if the fol-
lowing requirements are satisfied: it is continuous on I'; and has a finite limit as
y — oo (in other words: it is continuous on I'; U {oo}); it is twice continuously
differentiable (with respect to H) on the interior parts of the edges /;; of the graph;

for every vertex O, = (I, H;;) of the graph and every edge 1;; ~ O a finite limit
=2 exists; finite limits

lim Z7, /() (2.4)
y—>Oj

exist for all vertices O;y, and a finite limit

lim Zjo /(») 2.5)
y—>00
too; and f satisfies the gluing conditions
3
. df(s. H)

at every interior vertex Oy, = (I1, Hix) = (b, Hix) = (I3, H;x), where the sign “+”
istaken ifthe edge /;,;, consists of points (s, H)with H > Hjy,and“—"if H < Hj;,
for (ly, H) € I.
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For f € D;, we define the value of the function Z;{o f ata vertex Oy as the
limit (2.4).

Proposition 2.1.  (see Refs. 3 and 4) For every function ug on I'; belonging to D;
there exists a unique solution u(t, y) of the differential equation === a”(’ Wlty) 7, wou(t,y)
with initial condmon u(0, y) = ug(y) such that u(t, e) € D; for everyt > 0.

The solution P i0;y Of the martingale problem corresponding to the operator

Z,}‘{o with domain D; with initial distribution concentrated at an arbitrary point
y € I'; exists and is unique.

As a matter of fact, the probability measure solving this problem, with
y =9;(x), is the weak limit as ¢ |, 0 of the function-space distribution of the
random function Y,;*(e) = 2),;(X;5"(e)), where X};* is the solution of the equa-
tion Xi*(t) = LVH;(X;;"(t)) 4+ /x0; Wi(t), X;3(0) = x, with the drift coeffi-
cient B; = 0 (see Refs. 3 and 4).

Now let us define the differential operator L” on the open book T'.

By definition, a function f(y)= f(y1, ..., ) = f(i, Hi,...,1,, H,) on
I =T x--- x T, belongs to D = D* if the following conditions are satisfied:

f is continuous on (I'; U {oo}) x - -+ x (I, U {o0});

f has first and second continuous partial derivatives in H; for y; = (/;, H;) in
the interior parts of edges /;;, of the graph I';, i = 1, ..., n (so that we can apply
the operator L;o to f in its argument ;);

For every vertex O;;, = (I, Hy;) € T';, every edge of this graph I;; ~ Oy, and
arbitrary points y;o € I'; U {o0}, j # 1, a finite limit

l’ 8f(yl,~-7l,[']iw~’Yn)
m
Hi— Hik,y;—>yj0,j#i 0H;

(with y; approaching O;; along the edge I;;) exists;
finite limits

lim L f, ... )

Yi—> Oig,y;—>yj0,j#i

exist for all vertices O;; € I'; and all y;o € I'; U {00}, j # i, where the operator
= X . . . .« . .
L;, is applied to the function f in its i-th argument;

f satisfies the gluing conditions

8 7"‘7ZS7[{i7"" n
Z(:I:a, ) lim SO »o_o o @)
Hi— Hig,yj—Yj0,j#i 0H,;

for every interior vertex O;; = (I1, Hix) = (I, Hip) = (I3, H;) of the graph I';,
i=1,...,n,and all points y; € I';, j #1.
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We’ll be also considering a smaller domain Dy = D{ consisting of all lin-
ear combinations of functions f having the form f(yy,..., ) = f101)-
fnO), where f; € D;,i=1,...,n

Now we define the operator L.

For a function f € D we define the function r f(y),yeT, by

f"f(y)zf”f(yl,...,yn)—Zb(y) + Z @) - 8H2’

where the summands are replaced by the corresponding limits for y; being vertices
of I';. The limits at vertices O;; € I'; exist because they do for the operators Z;{O,
and the coefﬁ01ents B.:(y) (defined by (2.2)) in the difference of the operators
-0 L, have zero limits at vertices, this being because the measure o,

is concentrated at the critical point x;; € ) ( O;1), and V H;(x;;) = 0.

Considering the averaged operator L” on the domain D is more natural;
however for our purposes and methods of proof we need it only on a much smaller
domain Dy.

3. EXISTENCE AND UNIQUENESS OF THE SOLUTION
OF THE MARTINGALE PROBLEM

In this section and Secs. 4 and 5, we are going to speak about limit passage
as ¢ | 0 and about the limiting stochastic process; the parameter x is fixed. So we
are going to drop the mention of this parameter in our notations, and write the
diffusion coefficients without the factor .

As it is explained in Refs. 5, 6, several things are needed to establish weak
convergence of the function-space distribution P¢, of the random function ¥*(e) =
) (X*(e)) with respect to the probability measure P to that of the Markov
process Y(e) with generating operator L with respect to the probability measure

P DI

e “tightness” of the family of measures P%;
e convergence

Eifo M f X))~ LE(Y ()] dt — f(D(x) G.1)

as ¢ |, 0 for every function f belonging to a set D and for every positive
A; and

e uniqueness of the solution of the martingale problem corresponding to the
operator L considered on the domain D7.
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The tightness is pretty easy to establish—we are not going to stop at it; the
problems of uniqueness and of convergence (3.1) are considered independently
from one another. We are going to consider the uniqueness first.

This is done in pretty much the same way as in Ref. 6.

Probably the most natural way of proving uniqueness of the solution of the
martingale problem corresponding to the operator L on T' with domain Dy is
proving existence of the solution of the problem

au(t, y)
at

for a dense set of initial values u. This is essentially a version of Theorem 6.3.2
of Ref. 9 freed from the reference to the space of infinitely differentiable function.
But this is an equation on an open book, not on merely a multidimensional region,
and not one on a one-dimensional structure (graph); in addition the coefficients
of the operator L degenerate at the binding of the open book; and we don’t know
how to find solutions of this equation, even if we take Dt = D, the larger of the
two versions of domain. So we apply an oblique method.

If we take B(x) = 0 and consider the corresponding operator L, we have:
Lof(y)= Y Liof31, ..., ya), where the operator L is applied to the func-
tion in its i-th argument. As for solutions of the martingale problem, clearly
the probability measure Py, = ?1o;y1 X ... X FnO;y,, (the joint distribution of n
independent solutions of the corresponding martingale problems) is a solution
of the martingale problem corresponding to the operator L, (with the domain
Dy, = Dy); and this establishes the existence.

Is this solution unique?

Let us take uo(y) = wo(y1, ..., ¥n) = [ 11—y wio(vi), uoi € D;. Let u;(t, y),
t >0, y eI';, be the solution of the problem W = Lioui(t, y), u;(0,y) =
uio(y), ui(t,e) € D;, t > 0. Then the function u(t, y) = [, u;(¢, y;) clearly
solves the problem (3.2) with L = Ly and Dy = Dy. Since linear combina-
tions of functions belonging to Dy form a dense set in the space of contin-
uous functions, the existence and uniqueness problem is solved for B(x) = 0,
By = (B1(»), .-, B,(») = 0.

It turns out that we can change the drift coefficients in the generating operator
by making an absolutely continuous change of the probability measure.

= Lu(t, y), u(0, y) = up(y), u(t,e)e Dy, t>0, (3.2)

Proposition 3.1. Let e(y) = (e1(p), - - ., e, () be a measurable function on
I such that e;(y) =0 for y; being a vertex of T';, and the functions a;(y;) -
e;(y)? are bounded. Let C[0, 00) be the space of continuous functions y(t) =
M), ..., 9,(2)), 0 <t < o0, vy;(t) € I';. Let us introduce the random functions

mi(t) = Hy (9,(0)) — /0 B (v(s)) ds. (3.3)
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Suppose P is a solution of the martingale problem associated with the operator
L with domain D.

Then the random functions (3.3) are square-integrable martingales with re-
spect to P, and stochastic integrals fof e; (Y(s))dm;(s) are defined. Take

wl0.0=ep{ 3 [ o) dmi)= 33 [ @ s (o) as .
i=1 i=1

and define the probability measure P by f’(B) = E(B;7[0, t]) (E(B; ) being the
expectation corresponding to the probability measure P taken over the set B) for
events B belonging to the algebra | J,.,_., o{9(s),0 < s <t} and by extension
on the o -algebra generated by all random variables y(t), 0 < t < oo.

Then P is a solution of the martingale problem corresponding to the linear

operator L defined the same way as L, with the same coefficients a;(y;) as L, with
bi(y) = bi(y) +a;(y;) - e;(y), and the same domain as L.

The proof is similar to that of Propositions 5.3 and 6.1 in Ref. 6.

Now we can take P = Py, (the probability measure solving the martin-
gale problem associated with the operator Lo) and e;(y) = B;(»)/a;(y;) (re-
placing it with 0 when y is a vertex of the graph I;). If the perturbing
drift function B(x) is bounded, the functions @;(y;) - e;(¥)*> = B,(¥)*/a:(yi), are
bounded, because for y; = (I, H) close to an interior vertice O;; = (I, Hy;), y =

(V15> ya) we have B;(y) = O(W), a;(yi) ~ W;—“Zl; near exterior
— Ik — Tk

vertices f,(y) = O(|H — Hy|'?), @i(y;) ~ const - |H — Hy|; and as H — oo,
we have B,(y) = O(vH), @;(y;) > const - H. So we can apply Proposition 3.1
and get the probability measure P solving the martingale problem associated with
the operator L. This takes care of the existence problem.

For uniqueness, we apply the same Proposition with P = Fy (a measure solv-
ing the martingale problem associated with L, with the initial distribution concen-
trated at the point y) and e;(y) = —B,(¥)/a;(»;); the probability measure P solves
the martingale problem associated with the operator L. From the uniqueness
of such a measure we deduce uniqueness for the martingale problem associated
with L.

4. CONVERGENCE AS ¢ | 0. CASE OF REGIONS WITH THE
(n — 2)-DIMENSIONAL PART OF THE BINDING CUT OUT

We have introduced the notation 7;(x) for the period of the solution of
X(t) = H; (X(1)) starting from the point x (see the paragraph containing formula
(2.1)). The corresponding frequency will be w;(x) = 1/ T;(x).

Let us introduce our main restriction on these frequencies (cf. Ref. 5):
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Condition x: The set of points x = (xy,...,x,) € R?" for which the fre-
quencies w(x1), . . ., w,(x,) are rationally dependent has zero Lebesgue measure.

Let 7 be the time at which the process ¥Y*(¢) leaves a region I'y C T (we are
not showing the dependence of t on ¢ to avoid cumbersome notations). We are
going to prove that

T
Efe @@+ [ e e - Tr o] - £ @)

‘ 4.1
as ¢ | 0 for different classes of regions I'y. Because of the uniqueness result that
we already have, (4.1) means that the distribution of the random function ¥*(e)
stopped at the time T converges weakly to that of the process Y (e) stopped at the
time when it leaves I'y: to express it shorter but less precisely, weak convergence
takes place before the time of leaving T'y.

Proposition 4.1.  Suppose that the Hamiltonians H; are four times continuously
differentiable; for sufficiently large |x|, Hi(x) > Ai|x|*, 43|x| < |VH;(x)| <
As|x|, where A; are positive constants, and the matrix of the second deriva-
tives (a;fég))j,r:],z is bounded and uniformly positive definite for large |x|; that
Condition * is satisfied,; and that B(x) is bounded.

Foreveryi =1,...,n, let T';y be a subedge of an edge 1, of the graph T';:
a subedge whose ends are interior points of Iy;,; and let T'o = T'jg X - - - X Tpo.

Then for every f € D and every A > 0 (4.1) is satisfied, uniformly in x €

9~ (To).

Proof. In the region ; '([jo) ¢ R* (which is homeomorphic to an
anulus) we introduce action-angle coordinates: H;(x) and ¢;(x), the last
one changing in the unit circle, so that for X°(¢) = (X{(¢),..., X;(¢)) =
(H{(t), 9f(t), ..., H:(t), 9;(t)) we have % = éw,-(Hf(t)) + i (X5(1)) +
Gi(X: (1)) W;(t). Then we apply Theorem 3 of Ref. 5 (the uniformity in x was not
included in the formulation of that theorem, but the proof is essentially the same).

The following result is some sort of cross between the main result of Ref. 6
and that of Ref. 5:

Proposition 4.2. Let the conditions imposed on the Hamiltonians H; and on
B(x) in Proposition 4.1 be satisfied. Let all T';y but one be subedges as described
in Proposition 4.1, and the remaining one Ty is just a compact subgraph of T';.

Then for every f € D and every ) > 0 (4.1) is satisfied, uniformly in x €
) ~'(Ty), To=Tio x -+ x Tyo.

The proof is a combination of those in Ref. 6 and in Ref. 5: the sequence of
stopping times 0 = 7y < 07 < 11 < 07 < ---is constructed similarly to Ref. 6; we
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handle the time intervals from 7; to ;4 in a way similar to that of Ref. 6 (taking
the gluing conditions into account), and for the time intervals from o; to t;, we
apply Proposition 4.1.

Proposition 4.3. Let the conditions imposed on the Hamiltonians H; and on
B(x) in Proposition 4.1 be satisfied. For small d > 0, let T';(< d) be the union of
closed d-neighborhoods of all vertices O;, € T';:

(=dy=|J {0 H):|H-H(Ow)l <d);
Oi€ly, Iji~Oi
let us define T'(d) by
Id)=T\ U Ty x - x Ty x Ti(Sd) x Ty x - x Ty
I<i<j<n
xTj(=d)yxTjx---xT, (4.2)

(the open book T from which some neighborhood of the (n — 2)-dimensional part
of the binding is deleted),

IFo={y=01,....y)ed): H(y;)) < R,1 <i <n}.
Then for every f € D and every A > 0 (4.1) is satisfied, uniformly in x €
P! (To).

Limit passage as R — oo yields the same for I'y = I'(d), uniformly in x
changing in every compact subset of 9! (I'(d)).

Proof of Proposition 4.3. Choose a positive § < d. Let us define Ty = 0;
Ty =min{t > 0: oneof Y(t) € I'}(< d), or Y*(r) ¢ T'o};
and for i > 0 we define 7, as being equal to 7; if ¥*(t;) ¢ Ty, and by
Tipr =min{t > 7; : oneof Y;(1) e [';(<9), 1 <j <n,j#k, or Y(r) ¢ I'o}

if Y (1;) € TW(<6).

Note that there can be only one k such that Y/(t;) € I't(<5), be-
cause if both this and Yf(r,—) e I';(<6), j #k, held, then Y*(z;) would have
beendeepinside I'y x -+ x Iy x Ti(Zd) X Ty X -+ x Tjy x T'j(£ d) x
I'j11 x -+ x I'y, and the time 7; would be after leaving T'y.

It is clear that all T;, starting with some i, are equal to t.

We have:
B[ @y [ o) Lol - f @)
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> Tit+l _
=Y et [ e o)+ T olar
i=0 ti
—eT (@), 43)
The zeroth summand converges to 0, uniformly in x = (xy, ..., x,), by

Proposition 4.1, where we take as I';o the edge of the graph I'; containing the
point 2);(x;) with é-neighborhoods of its ends deleted. To the i-th summand in
(4.3),i > 1, weapply the strong Markov property with respect to t;; and we get that
itis equal to ESy® (X*(;)), where ¥ °(x') = ¢°(x], ..., x;,) = 0if P(x') ¢ Ty,
and

YD) = Ey[e ™ f (¥ o) + /0 I+ L) d] - £ (D)

it Y, (x;) € T'k (< 8), where
oy =min{t > 0: oneof Y (t) € [;(<6),j #k, or Y°(¢) ¢ To}.

By Proposition 4.2, we have that ¥°(x") — 0 as ¢ | 0, uniformly in x’ (as
[ro we take {y € I'y: Hy(y) < R}, and as I'j, j # k, the edge of the graph I';
containing the point ) j(x}) with §-neighborhoods of its ends deleted).

To conclude the proof, we show that the expectation E5 Y .. _ e " is
uniformly bounded for small positive ¢; and this is done taking into account that
between the times t; and 7,1, < T the process Y°(¢) has to travel at least the
positive distance d — §.

So we have proved what we needed before the time of coming too close to
the (n — 2)-dimensional part of the binding. What remains to be checked is that
we come too close to it only with a very small probability. This will be done in the
next section.

5. INACCESSIBILITY OF THE (n — 2)-DIMENSIONAL
PART OF THE BINDING

If Oy is an exterior vertex of the graph I';, it is clear that the set {y =
(V15 -+ > ¥n) 1 i = Oy} is inaccessible for the limiting process ¥(¢) starting from
any point that does not belong to this set. An interior vertex can be reached in finite
time; but if Oy is an interior vertex of the graph I';, and O, of I';, j # i, it turns
out that the set {y = (y1, ..., yu) : ¥i = Oir, y; = Oj,-} (an (n — 2)-dimensional
part of the binding of the open book I') is inaccessible for ¥(¢) if this process
starts outside this set.

This statement is similar to that of inaccessibility of a single point for a two-
dimensional Wiener process starting at a different point; and to prove it we need
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to find the asymptotics of the diffusion coefficients a@;(y;) of the process Y(t) as
vi approaches a vertex.

Proposition 5.1. Let the Hamiltonian H; be three times continuously differen-
tiable and generic as described in the beginning of the paper. Let Oy = (I, Hy)
be an interior vertex of the graph T';, and let I;; be an edge of T'; whose one end
is Oik-

Then there exist constants Ay, > 0 and B}, such that

Al Bi 1
@l H) = ki 440 .
)hllH—Hucl‘ ‘1n|H—H,~k|‘ ‘1n|H—H,~k|

[H — Hi|

(5.1)

as H — Hj.

Proof. Let us denote H — H;; = d. By the Morse Lemma, we can introduce
new coordinates «, «; instead of &, & in a neighborhood of the saddle point
Xk € @i_l (Oiy) so that in this neighborhood H;(x) = H;; + «; - o2. In this neigh-
borhood the curve C;(/, H;; + d)is described as {(«;, o) : oy = d}, d # 0, and
we have, for the length measure on the curve:

£(dx) |da| |das|

V| = A(ay, d/ay) ol A(d/az,az)m7

where A(w;, o) is a positive continuously differentiable function.

For y = (I, H) € I;; we have either H > H;;, or H < Hj;. For definiteness,
letitbe H > H;; (and sod > 0).

For small a > 0 and d > 0, let us denote C;(I/, Hy; + d; < a) the part of
the curve C;(/, H;; + d) lying in the neighborhood mentioned above, with |«q],
laz| < a; Ci(l, Hir + d; > a) will denote the remaining part of C;(I, Hy; + d).

Let us prove that there exist a positive constant C}, and a constant D}, such
that

Ti(l, Hi +d) = Cjy - |In|d|| + Dy + O(/1dI) (5.2)

asd — 0.

The integral (2.1) defining 7;(/, H) is equal to the integral over C;(/, H;; +
d; > a) plus that over C;(I, Hy; + d; < a).

The first integral is taken over the part of the curve that is far from the
equilibrium point, the integrand is smooth, the curve and its ends depend smoothly



Long-Time Behavior of Weakly Coupled Oscillators 1325

on d; so it is a continuously differentiable function of d, and

1 1
— (dx) = f —— ¢(dx) + 0@d),
/ IV H;(x)] |V H;(x)|
Ci(l,Hiy+d;>a) Ciw(>a)

where C;.4;(> a) is the part of C;.iy with |ay], |o2]| > a.

The integral over C;(/, Hy +d;<a), d >0, is equal either to
fda/a Ay, d/ozl)‘%‘, or to f:ad/a A(ay, d/al)%, or to the sum of these two inte-
grals (the first one for one edge of the graph adjacent to Oy, the second integral
for another one, and the sum for the third one). Let us find the asymptotics of

Jia Alar, dfan) %
. 1 . . . . . .
Changing the variable in some part of the integration range, we write this

integral as

“ A(ay, d T A(d /oy,

/ A dje) 4, +f Adfer. @) 4. (5.3)
Vd i Vd o2

The first integral here is equal to

4 A4(0,0 44 0) — A4(0,0 ﬁA 0) — A4(0,0
f (’)da1+f (21, 0) <,>dm_/ (@0 = 40,0
Jda o o1 0 (231 0 (%31

¢ Ay, d — Ay, 0

n / (a1, d/ay) — Aoy, 0) da.
Vd a1

The first integral here is equal to 4(0,0) - (Ina — %ln d); the second one

converges because the function 4 is smooth, and it is equal to some constant not

depending on d; the third integral is O(v/d); and the fourth does not exceed in
absolute value

a t-d 1 1
/ Mdoq = const - d - (———) = O(\/E)
vi oo Jd a
So the first integral in (5.3) is equal to %A(O, 0)-|Ind| + A(0,0) - Ina +

foa %TA(O’O) day + O(V/d); and we deal with the second integral in (5.3) in a
similar way.

If the integral over C;(I, Hy + d; < a), is equal to fda/a A(“lvd/al)%la

: i i 1

we get formula (5.2) with C;; = 4(0,0) and Dy, = fo(l,Iﬂk;>a) AT
Udx)+2Ina + [ %TA(O’O) day + [y w doy; for the two other
cases (and for d < 0), the expressions for the constants are different.

In a similar way we prove that

2 2
oH, 9H, 34, o4,
Y () - S5 2 n0) g T

r.s=1 r.s=1

Ldx) = % . L(dx)+ O(ld|In|d])
|V H;(x)] [V H;(x)|

Ci(l, Hix+d) Cikt
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asd — 0 (the integral in the right-hand side converges because H;(x) has a critical
point at x;;, and the value of this integral is positive). Together with (5.2), this
yields (5.1).

For simplicity of notations, we formulate our next Proposition for the first
two coordinates, denoting two interior vertices of I'y, I'; with Oy, Oy with the
same k, and the edges meeting at them with [;1, I;5, I;3,i = 1, 2.

Proposition 5.2. Suppose that

Ay Bi; 1
7 to 2
‘ln|H_]'[ik|’ ‘1n|H—H,-k|) ‘ln|H—Hik|‘ -ln‘ln|H—H,-k|’

a(l, Hy=

asH— Hy,i=1,2,1=1,2,3; andg,-(y),i =1, ..., n, are bounded near the
points y with yy = Ok, y2 = Oy

Then the set {y : y) = O, y» = O} is inaccessible for the process Y (t)
corresponding to the operator L starting from points outside this set.

Proof. For further simplicity of notations, let us introduce new coordinates, de-
noted with the letter z, along the edges /;; C I';,i = 1,2,1 =1, 2, 3, changing
between 0 and some 7;.;, so that

G =y Ci s +o - :
Injzl] * |in 2] lnz]|” - In|In |z]|
asz | 0.

Let us define the following functions: fori = 1,2,y = (l,z2),l =1, 2, 3,

“|Inz| + Dk122 for 0 < z < rpu,
forz =0,

hi() = hi(l, 2) = {
where D}, = 1 — Ci; for yy, y» in some neighborhoods of Oyx, O,
u=u(y, y2) = i) + h2(02);
for y = (31, y2, ..., yu) we take

F(y) = f(u),

where f(u) is a twice continuously differentiable function.
Let us evaluate L f(y).
We have for y; = (l;,z;),i = 1,2,1 <[; <3:

T = 1"w)- Z GO iz ) - Z L=
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+bi(p) - hil;. z)))-
At the points at which f”(u) # 0 this can be written as

2 _ 2 -
— d a; a; —i
L =—fw-{——Mh|f W Y —- ()} - . n+b -n|}.
S == { I /() ; 5 () ;[2 [+ ]}

The function F does not belong to Dy; however, if we approximate the
function f, together with its first and second derivatives, with polynomials f,,,
m=1,2,3,..., and take F,(y) = f,.(u), we get the functions F,, that do belong
to Dy. This is because F,(y) is a linear combination of products of functions

"fT(”) . =0,i=1,...,n, and the gluing conditions are
bolyi=

satisfied for every choice of coefficients ;4. _

Using this, we prove easily that F (¥(t)) — [y LF (¥(s))ds, t > 0, is a
martingale with respect to each of the probabilities l_’y, yel.

Now let f(u) = Inln|Inu| for p <u < R, where R and p € (0, R) are suf-
ficiently small. Let us check that L F(y) < 0 for p <u < R.

Differentiating, we get:
1 d 1 1 1

S In|# -
u-|Inu|-In|lnu| du nlf @)l u+u-|lnu|+u-|lnu|-ln|lnu|

of yi,i=1,...,n;

HOES

for p <u < R,

hi(li. z;) = 2z; - |Inz;| + (2D, — 1)z, h!(l;, zi) = 2| Inz;| + 2D}, — 3),

o d o s | L, G
LF(y)— _f(u) { _dulnlf(u)IZZ{anJ + |1nz,-|2

i=1

1 2 2 i 2 2
+O(|lnz|21n|1nzlﬂ x [4z,. nz P+ 4(2D), = 1)z Inz] + O(Zi):l

122: 1 N Ci, . 1 2|
—_— . n’
24|z " [nzP " *\[lnzP-Inflnz] z

i=

i=1

2
+@DY, =3 = Y by 0(zz-|1nz,-|)}. (54)

Opening the brackets, we obtain that the first sum, together with the factor
1/2,isequalto2 Y7 [z2| Inz;| + (Ci, + 2D, — 1)z2 + o((z'*/ In | Inz|)]. Be-
cause of our choice of Dy, , we have Cy, + 2D}, — 1= Dj,, and this sum can
be replaced with 2u + Z?:l o(z?/In|Inz;|). Opening the brackets in the sec-
ond sum in (5.4), we get that this sum, with the factor (—1/2), is equal to
2437 172z + Y1, o(m); and the last sum in (5.4) also can
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be included in this o( ). So the quantity between the braces in formula (5.4) is
equal to

2
| Inu|

2
1 2 1 21.2
p |1nzi|_|1nu|.1n|1nu|+Z'§0<1n|1nzi|>

1
). 5.5
0(|lnz,»|-1n|1nz,-|) (5-5)

Since h;(l;, z;) ~ z - | Inz;|, we have:

+

EM~ EM~

2
(1+ o(1) - (maxz)* - | In(maxz))| < u =Y hi(l;, z)
i=1

< 2+ o(1)) - (maxz)* - | In(maxz,)],

|Inu| = 2| In(max; z;)| — In| In(max; z;)| + O(1), 2/| Inu| > 1/|In(max; z;)| for
sufficiently small u (or z;, z3); so —2/|Inu| + Zl | 1/2|1nz,| < =2/|lnu| +

2 ~
1/| In(max; z;)| < 0. We have — Mgl ™~ a0 ln\ln(max Ak and the last
1
two terms in the sum (5.5) are o( a2 Tt 201 ).

So the expression (5.5), and with it LF(y), is negative for y such that p <
u<R.

Let 7, be the first time that the process Y(t)leavestheset{y: p <u < R}.
Because L F(y) < 0 for y in this set, we get for such y

FyF (?(TpR)) <F(p),

from which

F(y) = f(R)  F(y)—Inln|lnR|
f(p)— f(R) 1n1n|1n,0|—1nln|lnR|'

{Y(TpR) e{yiu= P}}

If we take (for fixed R) p small enough, we see that the probability for the
process Y(¢) to reach a small neighborhood of the set {y : y; = O, 2 = O}
before reaching the set {y : ¥ = R} can be made arbitrarily small. Letting the
parameter p characterising the smallness of this neighborhood go to 0, we get that
the probability toreachthe set{y : y; = Oy, y» = Oy} beforetheset{y : u = R}
is equal to 0.

After this, only little effort is needed to prove that the process ¥(¢) cannot
reach the (n — 2)-dimensional part U, .; o,.er,.0,,er, ¥ : Vi = O, y; = Oj,} of
the binding with positive probability (if the starting point ¥(0) is not in this set).

Since the techniques we are using require such things as expectations of
e*™ £ (Y?(1)) and the like, let us formulate the results in such terms:
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Proposition5.3. Foreverypoint y € T not belonging to the (n — 2)-dimensional
part of the binding B,_,, for every . > 0, and for every positive y there exists a
positive d such that

T AT
E e <Y,

where T is the time at which the process Y(t) leaves the region T(d) defined by
(4.2); and that, for sufficiently small e, for every x ¢ D~ (B,_,), for every A > 0,
and for every positive y there exists a positive d such that

1€
Ej,e My,

where T° is the time at which the process Y*(t) leaves T'(d).
Combining this with the results of Secs. 3 and 4, we get

Theorem 1. Let the conditions imposed on the Hamiltonians H; and on f(x)
in Proposition 4.1 be satisfied. Then for every point x such that ) (x) does not
belong to the (n — 2)-dimensional part of the binding B,_; (i.e. such that no two
coordinates of the point Y(x) € T are vertices of the corresponding graphs) the
Junction-space distribution of Y*(e) with respect to the probability P converges
weakly as & |, 0 to that of Y (e) with respect to the probability Pm(x)

Remark: It can be proved that the same is true for Y)(x) € B,_,. The proof is
based on the facts that the process Y (¢) starting from B,_, almost surely leaves
this set immediately, and does not return to it (see Propositions 5.1 and 5.2); and
for small £, the process ¥*(¢) starting in a small neigborhood of 9~ (B,,_,) leaves
this neighborhood very soon with probability very close to 1, and with probability
very close to 1 does not return to a smaller neighborhood for a very long time
(see Proposition 5.3).

6. VANISHING-NOISE ASYMPTOTICS

Now we resume our initial notations, with explicit mention of the noise
parameter .

The diffusion process Yk(t) on the open book I', the weak limit of the
process Y**(¢) as ¢ | 0, is governed, inside its pages, by the differential operator
L” introduced in Sec. 2, which can be rewritten in the form

—x —x I 3
Lf»)=Lf0r.....o0) =) T.(yl)[ (y)f+2aH( (y,)3]§>]
i=1 "V
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_ 1 Bi(x) - VH(x)
B = ——— o B VICD ),
=70 7§ f B dx)-- (dx,)

1<j<n,j#i Cim) Cu(¥n)
6.1)

Ao =| [ dvtavHaeld. @ = oo
(i)
and G;(y;) is the region in R? bounded by the contour C;(y;).

The coefficients «;.4, in the gluing conditions (2.6), (2.7), defined by formula
(2.3), also can be rewritten in the form

Qjgl, = /div[aiVHl-(x)] dx|,
isklg

where Gy, are the regions enclosed by Ciy,. If the values of H — H;; for
y = (I3, H) € I;;, have the sign opposite to that for y in the edges I, I;;,, we have
Qiskly = Ciskly T Ok, -

Consider one more Markov process YO(t) on I'. Inside each n-dimensional
page y; C I, this process is deterministic, being the solution of the differential
equation

#0=F70)=F([T0)...5((F0). 6
where Eo(t) = (ﬁ?(t), e, ﬁg(t)) is the vector of second coordinates of the

components Y, (1) of ¥ (¢): T'(6) = (T(0). ... Yo(t)) = ((0), H (1), ..., T(),
Fﬂ (7)) (note that the numbers 7?(t), ceey 72(t), characterizing the page on which the
process Y’ is at the time t, remain constant as long as it is in the same page). The
coefficients f;, defined by (2.2), can be rewritten in the form §,(y) = #y,ﬂ)ﬁi( »),
where B; is given by (6.1).

Now we are going to describe what happens with YO(t) at the binding. The
coefficient 8,(»1, ..., y») is equal to O for y; being a vertex O;; of the graph I';,
so there is a solution of (6.2) with 7?(t) = O;; but it turns out that sometimes the
solution is not unique.

Let us introduce the following functions m;;(yy, .. ., ,), defined only for y;
being a vertex O;; = (I, H;;) of the graph I';, and the edge I;; ~ O;;:

i (y) = (i, - V)
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fof 4 g e

Ci01)  Cim1i-1) Cismt Crp1 (Vi1) Cu(¥n)
<l ()l () (i) . ().

For y; = O being an exterior vertex, C;.;; consists of one point x;; (an
extremum of the Hamiltonian H;), and we take 7;;(y1, ..., ¥,) = 0; at an interior
vertex, three 7;;(y1, . . ., y») are defined, corresponding to the three edges /;;,, s =
1,2, 3, meeting at Ojy.

The coefficients m;;, can be rewritten in the form

i (y) = £ yg f /f ?{ yg divi Bi(x1. .. Xn) phy, (dx1)

Ci0n) Cio1i-1) Gipy Cig1 (Vi) Cu(¥n)
el ) (i) - 1 ), (63)

where Gy, is the region encircled by the curve C;y , and div; denotes the
divergence taken with respect to the two-dimensional variable x; (the sign + is
taken if the gradient V H; is directed from the region G;.;, outside, and — in the
opposite case).

The coefficient B;(y1, ..., y,), defined by formula (2.2), for y; not being a
vertex of the graph I'; can be written in the form

Bi(yl"“’y:) Bi(x1, ..., xn) - VH(x;)
_ T ff 7§ y§ f)

|V H;(x;)]
G Cie1i-1) Ci) Cip1 i) Ca(n

Xy (dx1) X -+l (do ) )e(dx)p, (dxign) - - ) (dxc). (6.4)

If a point y; = (I, H) approaches a vertex O;; € I'; along the edge [;; (that
is, H - H;; = H;(Oy)), we have:

(1, o5 Ok, ooy yn) +0(1)
Ti(vi) '
So, if the edge I;; ~ O;; consists of points (/, H) with H > Hj;, and a point
y € I' with y; € I;; is close to a point of the binding with the i-th coordinate being
Oy, and ;;(yy, - .., O, ..., ¥y) 18 positive, the vector E( y) is directed towards
the page corresponding to edge /;; C I'; (away from the binding); if 7r;; is negative,
B(y) is directed from the page towards the binding. If H < H;; for (I, H) € I,
the directions are opposite.
If not all coefficients m;; (y) are O, then at least one of them is such that
the vector B(y) is directed towards the page y,;, corresponding to the edge I,
and it turns out that there is a solution of the equation (6.1) with initial condition

Bits ey = (6.5)
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YO(to) = y lying strictly inside this page for some time interval (#y, #1) (there can
be two such pages, but not three, because one of the coefficients m;;, () is equal
to the sum of two others).

So, if the process ?O(t) reaches, at time t = 1) < 0o, a point y of the binding
with y; being an internal vertex of I';, and y;, j # i, not being vertices of the
corresponding graphs, and there is exactly one edge /;;, C I'; such that 7;; (p) is
non-zero and B(y) is directed towards the page y;;, corresponding to this edge,
the process goes after the time #y, without any delay, to this page. If there are rwo
such edges, say, /;;, and 1;;,, the process goes, without any delay, either to the page
i, corresponding to the edge /;;,, with probability

|7Ti;11(y)|

Py, (y) = ) (6.6)
: |ni;11(y)| + |7Ti;lz(y)|
or to that corresponding to /;;,, with probability
|70, ()]
Pi(y) = - (6.7)

1750, (W] + |70, (P)] ’
and this independently from what happened before the time #,. Note that (6.5),

(6.6) can also be rewritten as |7, (W)|/ |70, (W) 700, (W17, (D).
Let us introduce the set

E={y=01,...,ym) €T :y isavertex Oy of I';, and 7, s(y) = 0

for atleast one edge /;; ~ Oy, or y; = Oy, y; = Oj.forsome i # j}.

=0, . . . - .

The Markov process ¥ (¢) is determined by the above description before it
reaches the exceptional set E. We can define it after this time too, say, letting it
stop at reaching E; but anyway we are not going to make any statement about

70(1?) after reaching this set.

Theorem 2. Suppose that for some T > 0 and some y € T the process YO(t)
does not reach the exceptional set E with any positive probability for t < T.
Tl hen the distribution of the random function Y (1), 0 <t < T, with starting point
Y (0) = y in the space of continuous functions on the interval [0, T] converges

weakly as x |, 0 fo that of 70(t), 0<t<T.

To prove this theorem, we can check that
(1) the family of the distributions of 7%(1), 0 <t < T, is tight in weak topol-

ogy;
(i1) if {Yxm(t), m=1,2,3,...},x" — 0 is a sequence of processes whose
distributions converge weakly, then the limiting process coincides with

).
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The tightness takes no more effort than the same for the family of the processes
Y®*(t), and we skip the proof.

The property (ii) can be checked as follows. First, outside a §-neighborhood
Bj, 8 > 0, of the binding the coefficients B(y) are Lipschitz continuous; taking
this into account, we prove that YX(t) converges in probability as x | 0 to the
solution YO(I) of (6.1) with the same initial condition, uniformly on the time
interval [0, 7 A min{z : ?O(I) € Bs}].

Second: Suppose the pages yi;,, ¥i1,, Vi1, are attached to the binding near
the point y, at which the process 70(t) touches the binding from the page y,;
and suppose that the point y, does not belong to the exceptional set E. Let t§ =
min{z : Y”(t) ¢ Bj;}. Then the expectation of 7§ for the process 7”(1‘) starting at
the points y € B that are close to y, can be estimated: it is bounded by 44| In 5|,
where A is a constant that does not depend on the parameter .

Third: Let y, ¢ E, yo; = Oir, be such that there are two edges [;;,, I;;, with
i1, (¥o)» in,(¥y) such that the vector B(y) is directed towards the pages Y, Vil
for y in these pages being close to y,. Then for every positive y we can find
8o > 0 so small that for every § € (0, §y) there exists a positive x, such that for
0 < »x < xp for y € B at a distance less than §, from y,

PAY (xf) e v} - Puyp)l <. s=1.2,

?i{?x(rf{) c yi13} <.
The last two statements are obtained from Lemmas 2.2 and 2.3 of Ref. 2

using the (sub)martingale technique.
Theorems 1 and 2 together yield the following

Theorem 3. Let the conditions imposed on the Hamiltonians H; and on B(x) in
Proposition 4.1 be satisfied; and let a point x € R*" be such that for a positive T

the process Yo(t) with 70(0) = Y (x) does not reach the exceptional set E with
any positive probability for 0 <t < T.
Then the slow component Y**(t) of the process X**(t) converges weakly

to 70(1‘) in the space of continuous functions on [0, T] with values in T as, first,
e | 0andthen x | 0.

7. EXAMPLE

Consider a system of two weakly coupled oscillators which, after an appro-
priate time change, has the form

e , 1 .
Q= B = o) = e i,
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. 1 . 1 .
gy = gpi’”, Py = - Valgs™) — al(qy™) p5™ + % Wa, (7.1)

where W, W, are independent Wiener processes. We assume that o(g) > 0,
V1(g) has two local minima, and V; has just one minimum. The Hamiltonians
Hi(q, p) = %2 + Vi(q) as well as the corresponding phase pictures and the graphs
I';,i =1, 2, are shown in Fig. 1.

The openbook I' = I'; x I'; is shown in Fig. 2. It consists of three pages y; =
11[ X Fz,l = l,2,3,andthebinding8 = ({011, 012, 013} X Fz) @) (F] X {021})
The only part of the binding that is accessible for the process Y or for the limiting
process (and so the only one that we have to take into account) is {O}5} x I's.

The coordinates on I are (/1, Hy; 1, H>); since I'; consists of just one edge,
[, is always the same and can be omitted.

For y = (I, H) € I'; not being a vertex, let S;()’) denote the area of the region
in R? bounded by the curve C;(y) corresponding to this point (here i = 1, 2). For
a fixed edge I; C I';, S;(y) is in a one-to-one correspondence with H = H;(y).
Note that the function S;(y) has different limits as y approaches the interior vertex
01, along different edges: the limits along /;; and [}, are the areas S, S, of the
regions G, G (see Fig. 1c); that along the edge /3 is equal to S| + S5.

Let us find the double limit ?O(t) of the slow component ¥**(¢) of the process
described by the system (7.1) as first ¢ | 0 and then » | 0.

O2,1

®




Long-Time Behavior of Weakly Coupled Oscillators

\ y(0)

O1,2

Fig. 2.

Applying formula (6.4), we find, for y| being not a vertex:
(0, —p) - VH (x)

B, y2) = Tir) ™ — Vo o Hdx),

|V H (x)|
Ci(n)
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where p is the second coordinate of a point x = (¢, p) € R?. The contour integral
here is equal to the double integral of the divergence of the vector field (0, —p)
over the region enclosed by Ci(y)), i.e. to —S81(y1) = —S1(/1, H,). The integral
(2.1) defining T3(y1) is equal to 81+ o the differential equation governing

dH;

the first coordinate 7(1)(1‘) = (7?(0, ﬁ?(r)) of the limiting process ?O(t) while it is

within the same page (7(1)(t) = const) is

& _Sl(i(l)’ﬁ(l))

Si(0HY)
Similarly, for y, not being a vertex of I',
B2, y2) = By, 1, Ha) = —a(1) - gzg—f[z;
where
ao) =100 ¢ T v
|V Hi(x)|

Ci(n)

(7.2)
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and
S$(1, H
= —a(7)) - 2 2). (7.3)
Sy(1,HY)
Solving the differential equation (7.2), we obtain:
$1(T1(0) = 5 (T1(0)e™, (74)

this formula holding as long as 7?(t) is in the same page as the initial value
7(1)(0). For the initial point ¥(0) in the pages yi and y, (ie., for 7(1)(0) el'n
or I'}), this holds for all ¢ € [0, o0); for ¥ (0) € y3, formula (7.4) holds for

>
=0
0<t<t=In % After this time, ¥ () goes to one of the pages y;, [ =1,

2, and for ¢t > ty we have:

S| (Y)(0)) = Se ¢ (7.5)

Since within one edge we have a one-to-one correspondence between S;(y) =
Si(l, H)and y (or H), formulas (7.4), (7.5) allow us to find ¥'(r) = (7'(¢), H;(1))

if we know to which of the pages y 1, y, the process ?O(t) turns after the time ;.
Solving the equation (7.3), we get:

$:(V5(0) = $2(1, H3(0)) = $(V5(0)) - exp| /0 a(T\e) ds}.  (7.6)

which allows us to find 72(t) =(1, ﬁg(r)) (again, if we know to which of the
pages y1, ¥ the process turns after the time #).

As for the probabilities with which the process Yo(t) starting in the page y3
turns to y | or y,, formula (6.3) yields: 71;(O12, y2) = Sl, m13(012, 2) = =S5,
m12(012, 1) = —S1 — S, so the probabilities are P; = 5 +Sz P, = Hsz (these

probabilities do not depend on the second coordinate y, of the point at which YO(I)
reaches the binding).

Equalities (7.4), (7.5), (7.6) together with the probabilities P;, P, describe
the limiting slow motion on the open book I' for the coupled system (7.1)—see
Fig. 2.
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